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A GENERALIZATION OF SEVERAL CLASSICAL INVARIANTS
OF LINKS
DAVID CIMASONI AND VLADIMIR TURAEV
Abstract. We extend several classical invariants of links in the 3-sphere to
links in so-called quasi-cylinders. These invariants include the linking number,
the Seifert form, the Alexander module, the Alexander-Conway polynomial
and the Murasugi-Tristram-Levine signatures.
Introduction
The aim of this paper is to introduce a generalization of several classical knot and
link invariants including the linking numbers, the Alexander-Conway polynomial,
and the Murasugi-Tristram-Levine signatures of links in Euclidean 3-space. These
invariants are generalized to links in so-called quasi-cylindres. A quasi-cylinder over
a commutative ring R is an oriented 3-manifoldM endowed with a submodule V of
the R-module H1(∂M ;R) such that the inclusion homomorphism V → H1(M ;R)
is an isomorphism. The main example is the cylinder M = Σ × [0, 1] where Σ is
an oriented surface and V = H1(Σ × 0;Z) ⊂ H1(∂M ;Z). (Here, R = Z). For
homologically trivial links in a quasi-cylinder M with H2(M ;Z) = 0, we define
a generalized Seifert form and derive from it several other invariants, namely, a
generalized Alexander-Conway polynomial and generalized signatures. The most
interesting feature of our invariants is the appearance of additional parameters
which are absent in the classical case.
The organization of the paper is as follows. In Section 1 we introduce generalized
linking numbers of links in quasi-cylinders. In Section 2 we define the generalized
Seifert form for links in quasi-cylinders. In Section 3 we study the derived Alexander
invariants. In Section 4 we discuss simple estimates of the link genus. In Section
5 we study the concordance of links. In Section 6 we consider the signatures. In
Section 7 we introduce a multivariable extension of the theory. In Section 8 we
discuss various generalizations of our invariants and in particular an extention to
homologically non-trivial links.
In this paper, all manifolds are smooth. The boundary of an oriented manifold
is oriented via the “outward normal vector first” convention.
Throughout the paper, we fix a commutative ring with unity R.
1. Linking numbers and quasi-cylinders
1.1. Knots and links. By a link in an oriented 3-manifold M , we mean a finite
system of disjoint oriented circles embedded in Int(M) =M − ∂M . Each link L in
M viewed as a geometric 1-cycle represents a homology class [L] ∈ H1(M ;R). A
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link L is R-homologically trivial if [L] = 0. For R = Z, we say simply homologically
trivial.
Two links L and L′ in M are said to be ambient isotopic if there is an ambient
isotopy ht (0 ≤ t ≤ 1) of M , keeping ∂M fixed, such that h0 = id, h1(L) = L′, and
h1|L : L ∼= L
′ is orientation-preserving.
A knot is a link consisting of a single circle. Let us stress that all knots and links
in this paper are oriented.
1.2. Linking numbers. The classical linking number of disjoint R-homologically
trivial knots K,L in an oriented 3-manifold M is defined by
lk(K,L) = K ·B = B ·K ∈ R
where · = ·M is the standard homological intersection in M and B is a 2-chain
in M (with coefficients in R) such that ∂B = L. The independence of the choice
of B follows from the fact that given another 2-chain B′ with ∂B′ = L, one has
K · B − K · B′ = K · b where b = B − B′ is a 2-cycle in M . The R-homological
triviality of K implies that K · b = [K] · b = 0. One easily checks the symmetry
lk(K,L) = lk(L,K).
We introduce a generalized linking number as follows. Suppose that ∂M 6= ∅
and denote by c the inclusion homomorphism H1(∂M ;R) → H1(M ;R). Fix a
submodule V of the R-module H1(∂M ;R) such that V ∩ Ker(c) = 0. For disjoint
knots K,L in M such that [K], [L] ∈ c(V ), set
lkV (K,L) = K · B = B ·K ∈ R
where B is any 2-chain in M (with coefficients in R) such that ∂B = L − v for a
1-cycle v on ∂M representing an element of V . The homological intersection K ·B
does not depend on the choice of B. Indeed, consider another 2-chain B′ in M
with ∂B′ = L− v′ where v′ is a 1-cycle on ∂M representing an element of V . Then
b = B − B′ is a relative 2-cycle in (M,∂M) in the sense that its boundary lies on
∂M . Let u be a 1-cycle on ∂M whose homology class [u] ∈ H1(∂M ;R) satisfies
c([u]) = [K] and let u˜ be a 1-cycle obtained by pushing u slightly inside Int(M).
Then
K · B −K · B′ = K · b = u˜ · b = u ·∂M ∂b
where ·∂M is the homological intersection of 1-cycles in ∂M . We have u ·∂M ∂b = 0
since [∂b] = [v − v′] ∈ V ∩Ker(c) = 0.
The linking number lkV satisfies
lkV (L,K) = lkV (K,L) + u ·∂M v.
where u, v are 1-cycles on ∂M representing elements of V homological to K,L
respectively. Indeed, let u˜ be a 1-cycle in Int(M) obtained from u as above and let
A be a 2-chain in M with ∂A = K − u˜. Then A is disjoint form v and therefore
lkV (L,K) = L ·A = (L− v) · A = ∂B · A = B · ∂A
= B ·K −B · u˜ = B ·K − v ·∂M u
= lkV (K,L) + u ·∂M v.
It is clear that lkV (K,L) is invariant under deformations of K and L in M keeping
them disjoint. If K,L are R-homologically trivial (in particular, if they lie in a
3-ball inside M), then lkV (K,L) = lk(K,L).
A GENERALIZATION OF SEVERAL CLASSICAL INVARIANTS OF LINKS 3
The definition of lkV (K,L) extends in the obvious way to the case where K,L
are disjoint 1-cycles in M .
1.3. Quasi-cylinders. By a quasi-cylinder (overR), we mean a pair consisting of a
connected oriented 3-manifoldM with non-empty boundary and a submodule V of
the R-module H1(∂M ;R) such that the restriction of the inclusion homomorphism
H1(∂M ;R)→ H1(M ;R) to V yields an isomorphism V → H1(M ;R). The inverse
isomorphism is denoted dV .
The constructions of the previous section show that for a quasi-cylinder (M,V )
over R and any disjoint knots K,L in M , we have a well-defined linking number
lkV (K,L) ∈ R satisfying
lkV (L,K) = lkV (K,L) + dV ([K]) ·∂M dV ([L]).
We say that a quasi-cylinder (M,V ) has trivial 2-homology if H2(M) = 0. Here
and below, the unspecified group of coefficients in homology/cohomology is Z.
Note the following lemma.
Lemma 1.1. Let (M,V ) be a quasi-cylinder such that M is compact. The equality
H2(M) = 0 holds if and only if ∂M is connected.
Proof. The components of ∂M represent elements of H2(M) subject to only one
relation: their sum is equal to zero. Therefore the equality H2(M) = 0 implies that
∂M is connected. Let us prove the converse. Since the inclusion homomorphism
H1(∂M ;R) → H1(M ;R) is onto and the inclusion homomorphism H0(∂M ;R) →
H0(M ;R) is an isomorphism, the homology sequence of the pair (M,∂M) gives that
H1(M,∂M ;R) = 0. Observe that H1(M,∂M ;R) = R ⊗Z H1(M,∂M). Therefore
the group H1(M,∂M) is finite and
H2(M) = H
1(M,∂M) = Hom(H1(M,∂M),Z) = 0.

1.4. Examples. 1. The pair consising of a 3-ball D3 and V = H1(∂D
3) = 0 is
a quasi-cylinder over Z. Clearly, lkV (K,L) = lk(K,L) ∈ Z is the usual linking
number of knots in the 3-ball.
2. Let Σ be a connected oriented surface and M = Σ × [0, 1] with product
orientation. Set V = H1(Σ× 0;R) ⊂ H1(∂M ;R). It is clear that (M,V ) is a quasi-
cylinder. The linking number lkV (K,L) of knots K,L ⊂ M can be computed as
follows. Present the link K ∪L by a link diagram on Σ. Let k, l be the components
of the diagram representing K and L, respectively. Then lkV (K,L) = n+ − n−
where n+ (resp. n−) is the number of positive (resp. negative) crossing points on
the diagram where k passes under l. The quasi-cylinder (Σ × [0, 1], V ) has trivial
2-homology if and only if ∂Σ 6= ∅.
3. Let N be an R-homology 3-sphere, i.e., a closed oriented 3-manifold with
H∗(N ;R) = H∗(S
3;R). Let G be a non-empty finite graph in N and M ⊂ N be
its exterior, that is the complement of an open regular neighborhood of G in N .
Let V ⊂ H1(∂M ;R) be the submodule generated by the homology classes of the
meridians of the edges of G. Then the pair (M,V ) is a quasi-cylinder. For any
knots K,L ⊂ M , we have lkV (K,L) = lk(K,L) ∈ R where the right-hand side is
the linking number of K,L in N . The quasi-cylinder (M,V ) has trivial 2-homology
if and only if G is connected.
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1.5. Remark. The constructions above suggest that the definition of the Milnor
numbers of classical links may be extended to links in quasi-cylinders. We shall not
pursue this line here.
2. Generalized Seifert forms
2.1. Bilinear forms associated with surfaces. Let (M,V ) be a quasi-cylinder
over R. Consider an oriented embedded surface F ⊂ Int(M) (possibly, ∂F 6= ∅).
For a 1-cycle a on F , denote by a+ (resp. a−) the 1-cycle in Int(M)\F obtained
by pushing a along the positive (resp. negative) normal direction on F in M . For
1-cycles a, b on F representing homology classes [a], [b] ∈ H1(F ;R), set
ϑ([a], [b]) = lkV (a
+, b).
This number only depends on the homology classes of a and b in H1(F ;R). Indeed,
if a1, a2, b1 and b2 are 1-cycles on F such that a1 − a2 = ∂A and b1 − b2 = ∂B for
some 2-chains A and B in F , then
lkV (a
+
1 , b1)− lkV (a
+
2 , b2) = lkV (a
+
1 − a
+
2 , b1) + lkV (a
+
2 , b1 − b2)
= ∂A+ · B1 + a
+
2 ·B = A
+ · ∂B1 + a
+
2 · B
= A+ · b1 −A
+ · v1 + a
+
2 ·B,
where A+ denotes the 2-chain A pushed along the positive normal direction on F
inM . Since A+, a+2 ⊂ Int(M)\F and b1, B ⊂ F , v1 ⊂ ∂M , these three intersection
number are zero. Hence, we have a well-defined bilinear form
ϑ = ϑF : H1(F ;R)×H1(F ;R)→ R.
We call it the generalized Seifert form of F .
Lemma 2.1. Let d : H1(F ;R)→ V be the composition of the inclusion homomor-
phism H1(F ;R) → H1(M ;R) with the isomorphism dV : H1(M ;R) → V . For all
a, b ∈ H1(F ;R),
a ·F b = ϑ(a, b)− ϑ(b, a)− d(a) ·∂M d(b).
Proof. By abuse of notation, we shall denote 1-cycles representing a, b, d(a), d(b)
by the same symbols a, b, d(a), d(b). Consider the bilinear form ϑ− : H1(F ;R) ×
H1(F ;R)→ R defined as ϑ+ = ϑ but using a− instead of a+. We claim that
ϑ+(a, b)− ϑ−(a, b) = a ·F b. (2.a)
Indeed, let B be a 2-cycle in M such that ∂B = b− d(b), and let α be the 2-cycle
[−1, 1]× a in Int(M) with ∂α = a+ − a−. We have
ϑ+(a, b)− ϑ−(a, b) = a+ ·B − a− · B = ∂α · B
= α · ∂B = α · b− α · d(b).
Now, α and d(b) are disjoint, so α · d(b) = 0. Since α · b = a ·F b, this gives (2.a).
We now verify that
ϑ+(a, b)− ϑ−(b, a) = d(a) ·∂M d(b). (2.b)
Indeed,
ϑ+(a, b) = lkV (a
+, b) = lkV (b, a
+) + d(a) ·∂M d(b)
= lkV (b
−, a) + d(a) ·∂M d(b) = ϑ
−(b, a) + d(a) ·∂M d(b).
Combining formulas (2.a) and (2.b), we obtain the claim of the lemma. 
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2.2. Algebraic digression. Let W be an arbitrary R-module. A Seifert triple
over W is a triple (H,ϑ, d), where H is a free R-module of finite rank, ϑ a bilinear
form H×H → R, and d a homomorphismH →W . Two Seifert triples (H1, ϑ1, d1),
(H2, ϑ2, d2) over W are isomorphic if there is an R-isomorphism f : H1 → H2 such
that ϑ2 ◦ (f × f) = ϑ1 and d2 ◦ f = d1.
A Seifert triple (H ′, ϑ′, d′) is obtained from a Seifert triple (H,ϑ, d) by an
elementary enlargement (and (H,ϑ, d) from (H ′, ϑ′, d′) by an elementary reduc-
tion) if the following conditions hold: H ′ = H ⊕ Ra ⊕ Rb, d′|H = d, d′(b) = 0,
ϑ′|H×H = ϑ, ϑ′(H, b) = ϑ′(b,H) = ϑ′(b, b) = 0 and either ϑ′(a, b) = 1, ϑ′(b, a) = 0
or ϑ′(a, b) = 0, ϑ′(b, a) = 1. If h is a basis of H , then h∪ {a, b} is a basis of H ′ and
the matrix Θ′ of ϑ′ with respect to h ∪ {a, b} is computed from the matrix Θ of ϑ
with respect to h by
Θ′ =
Θ ⋆ 0⋆ ⋆ 0
0 1 0
 or Θ′ =
Θ ⋆ 0⋆ ⋆ 1
0 0 0
 .
We say that two Seifert triples over W are equivalent if they can be related by a
finite sequence of isomorphisms and elementary enlargements and reductions.
2.3. Surgeries on surfaces. Given a quasi-cylinder (M,V ) over R and a compact
connected oriented surface F ⊂ Int(M), the constructions above yield a Seifert
triple (H1(F ;R), ϑ, d) over V . Note that the R-module H1(F ;R) is free of rank
2g+m−1, where g is the genus of F and m is the number of connected components
of ∂F . Suppose that a surface F ′ ⊂ Int(M) is obtained from F by surgery along
an embedded arc in Int(M) meeting F exactly at its endpoints and approaching
F either from the positive side or from the negative side at both endpoints. The
transformation F 7→ F ′ and the inverse transformation are called surgeries. It is
easy to see that the Seifert triple of F ′ is obtained from the Seifert triple of F by
an elementary enlargement. Therefore the equivalence class of the Seifert triple of
an embedded surface is invariant under surgeries.
Observe that any given class in H2(M) can be realized by a closed connected
oriented surface and any two such surfaces are related by a sequence of surgeries
and isotopies. This leads to algebraic invariants of integral 2-homology classes of
quasi-cylinders. We shall however focus on quasi-cylinders with trivial 2-homology.
2.4. Seifert forms of links. A Seifert surface for a link L in a 3-manifold M is a
compact connected oriented surface in Int(M) that has L as its oriented boundary.
Clearly, if L has a Seifert surface, then [L] = 0 in H1(M). It is well-known that
this is the only obstruction. For completeness, we outline a proof.
Lemma 2.2. Any homologically trivial link in an oriented 3-manifold has a Seifert
surface.
Proof. Let L be a homologically trivial link in an oriented 3-manifold M . Then
L is homologically trivial in a compact 3-dimensional submanifold M ′ of M such
that M ′ ⊃ L. Let N be a closed tubular neighborhood of L in Int(M ′). Set
X =M ′ \ Int(N). Since [L] = 0 ∈ H1(M ′), an appropriate choice of longitudes of L
gives a link L′ ⊂ ∂N ⊂ ∂X whose class in H1(X) is equal to 0. Then [L′] ∈ H1(∂X)
is the boundary of an element of H2(X, ∂X) = H
1(X). The latter is the pull-back
of a generator of H1(S1) = Z under a map X → S1. For an appropriate choice of
this map, the preimage of a point of S1 is a compact oriented surface bounded by
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L′ in X . Adding if necessary 1-handles to this surface one can make it connected.
The resulting surface extends to a Seifert surface for L in M ′. 
Given two Seifert surfaces F, F ′ for a link L in an oriented 3-manifold M , the
union F∪(−F ′) is a closed oriented surface representing an element ofH2(M). This
element is an obstruction to transforming F into F ′ by surgeries. It is well-known
that this is the only obstruction (see e.g. [6, p. 64]). In particular, if H2(M) = 0,
then F, F ′ can be related by a finite sequence of surgeries and ambient isotopies
in M (which can be chosen to keep ∂M fixed). Combining this fact with the
observations above, we obtain the following.
Theorem 2.3. Let (M,V ) be a quasi-cylinder over R with H2(M) = 0. For any
homologically trivial link L ⊂ M , the equivalence class of the Seifert triple of a
Seifert surface for L does not depend on the choice of the surface and provides an
isotopy invariant of L.
3. Alexander invariants
Throughout this section, (M,V ) is a quasi-cylinder over R with H2(M) = 0.
3.1. The Alexander module. Fix a commutative unital ring R′ containing R
as a subring. We also fix an R-bilinear pairing ψ : V × V → R′. Consider a
homologically trivial link L in M . Let (H,ϑ : H × H → R, d : H → V ) be the
Seifert triple associated with a Seifert surface for L. Let Θ and Ψ be the matrices
of the bilinear forms ϑ and ψ ◦ (d× d) with respect to a basis of H . The Alexander
module Aψ(L) of L is the R′[t, t−1]-module presented by the matrix tΘ−ΘT +Ψ,
where the superscript T denotes the matrix transposition.
Proposition 3.1. The Alexander module is an isotopy invariant of L.
Proof. Obviously, this module does not depend on the choice of a basis of H . By
Theorem 2.3, we just need to check that if (H ′, ϑ′, d′) is obtained from (H,ϑ, d) by
an elementary enlargement, then the corresponding matrices Γ′ = tΘ′− (Θ′)T +Ψ′
and Γ = tΘ−ΘT +Ψ present isomorphic R′[t, t−1]-modules. Clearly,
Ψ′ =
Ψ ⋆ 0⋆ ⋆ 0
0 0 0
 .
Therefore,
Γ′ =
Γ ⋆ 0⋆ ⋆ −1
0 t 0
 or Γ′ =
Γ ⋆ 0⋆ ⋆ t
0 −1 0
 .
In both cases, the corresponding modules over R′[t, t−1] are isomorphic. 
For M = D3, V = 0, R′ = R = Z and ψ = 0, the module Aψ(L) is the usual
Alexander module.
Mimicking the standard definitions, we can introduce the Alexander ideals and
Alexander polynomials of L (provided R′ is a unique factorization domain). In
particular, the first Alexander polynomial of L can be defined as the determinant
of a square presentation matrix of Aψ(L). This polynomial is an element of the
ring R′[t, t−1] defined up to multiplication by units of this ring. As in the classical
case, the first Alexander polynomial has a canonical normalization which we now
discuss.
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3.2. The Alexander-Conway polynomial. Using the notation of the previous
subsection, we define the (extended) Alexander-Conway polynomial of L by
∆L,ψ(t) = det(t
1/2Θ− t−1/2ΘT + t−1/2Ψ).
As in the proof of Proposition 3.1, one checks that this element of R′[t1/2, t−1/2] is
a well-defined isotopy invariant of L.
Observe that the size of the matrices Θ,Ψ is equal to 2g+m− 1, where g is the
genus of the Seifert surface and m is the number of components of L. Therefore
∆L,ψ(t) = t
1−m
2
−g det(tΘ−ΘT +Ψ).
Thus, ∆L,ψ(t) ∈ R′[t, t−1] for odd m and t1/2∆L,ψ(t) ∈ R′[t, t−1] for even m.
We now establish a skein formula for ∆L,ψ(t).
Proposition 3.2. Let L+, L− and L0 be homologically trivial links in M which
coincide everywhere except in a small 3-ball where they are related as illustrated
below.
L+ L− L0
Then, the corresponding Alexander-Conway polynomials satisfy the following rela-
tion:
∆L+,ψ(t)−∆L−,ψ(t) = (t
−1/2 − t1/2)∆L0,ψ(t, s).
Proof. Let F0 be a Seifert surface for L0. Then a Seifert surface F+ for L+ (resp.
F− for L−) is obtained from F0 by adding a band in the small 3-ball with one
negative (resp. positive) half-twist. Since F0 is connected, a basis for H1(F+;R)
(resp. for H1(F−;R)) is obtained from a basis for H1(F0;R) by adding a 1-cycle a+
(resp. a−). Clearly, a+ and a− can be chosen to coincide as 1-cycles in M . Let v
be a 1-cycle on ∂M with coefficients in R such that [v] ∈ V ⊂ H1(∂M ;R) and v is
homologous to a+ = a− in M . Let B be a 2-cycle in M such that ∂B = a± − v.
Then
ϑF+(a+, a+)− ϑF−(a−, a−) = a
+
+ ·B − a
+
− · B = (a
+
+ − a
+
−) ·B = −1.
This leads to the following equalities between the corresponding matrices:
ΘF+ =
(
ΘF0 v
w α
)
, ΘF− =
(
ΘF0 v
w α+ 1
)
, and ΨF+ = ΨF− =
(
ΨF0 x
y β
)
for some α ∈ R, β ∈ R′, column v and row w over R, and column x and row y over
R′. The skein formula follows. 
The skein formula implies in particular that ∆L,ψ(1) ∈ R′ is unchanged when
one replaces an undercrossing by an overcrossing. Hence, it depends only on the
homotopy type of the components of L.
If L′ is a link in an oriented 3-ball D3 and L is the image of L′ under an
orientation preserving embedding D3 →֒ M , then ∆L,ψ(t) = ∆L′(t) is the usual
Conway-normalized Alexander polynomial of L′.
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3.3. A special case. Let R′ = R[s1, . . . , sn] be the polynomial ring over R gener-
ated by n commuting variables s1, . . . , sn. Let ψ1, . . . , ψn : V × V → R be bilinear
forms. We can apply the definitions and results of the previous subsections to the
bilinear form
ψ = s1ψ1 + · · ·+ snψn : V × V → R
′.
This gives a polynomial invariant
∆L,ψ1,...,ψn(t, s1, . . . , sn) = ∆L,ψ(t) = det(t
−1/2Θ− t1/2ΘT + t−1/2
n∑
i=1
siΨi),
where Θ and Ψi are the matrices of the bilinear forms ϑ and ψi◦(d×d) with respect
to a basis of H . The polynomial ∆L,ψ1,...,ψn(t, s1, . . . , sn) lies in R[t, t
−1, s1, . . . , sn]
for odd m and in t1/2 ×R[t, t−1, s1, . . . , sn] for even m.
The degree in si of ∆L,ψ1,...,ψn(t, s1, . . . , sn) is bounded from above by a number
independent of L. Namely, this degree is smaller than or equal to the rank of the
form ψi. Indeed, it follows from the definitions that
degsi ∆L,ψ1,...,ψn(t, s1, . . . , sn) ≤ rank (Ψi) = rankψi.
For a bilinear form ψ : V × V → R′ we denote by ψT its transpose defined by
ψT (a, b) = ψ(b, a) for a, b ∈ V .
Proposition 3.3.
∆L,ψ1,...,ψn(t
−1, s1t
−1, . . . , snt
−1) = (−1)m−1∆L,−ψT
1
,...,−ψTn
(t, s1, . . . , sn).
Proof. Transposing matrices, we obtain
∆L,ψ1,...,ψn(t
−1, s1t
−1, . . . , snt
−1) = det(t−1/2Θ− t1/2ΘT + t1/2
n∑
i=1
sit
−1Ψi)
= det(t−1/2ΘT − t1/2Θ+ t−1/2
n∑
i=1
siΨ
T
i )
= (−1)m−1∆L,−ψT
1
,...,−ψTn
(t, s1, . . . , sn).

For example, if ψi is symmetric for i = 1, . . . , p and skew-symmetric for i =
p+ 1, . . . , n, then
∆L,ψ1,...,ψn(t
−1, s1t
−1, . . . , snt
−1) = (−1)m−1∆L,−ψ1,...,−ψp,ψp+1,...,ψn(t, s1, . . . , sn)
= (−1)m−1∆L,ψ1,...,ψn(t,−s1, . . . ,−sp, sp+1, . . . , sn).
The polynomial ∆L,ψ1,...,ψn(t, s1, . . . , sn) leads to other polynomial invariants of
L. First of all, we can expand
∆L,ψ1,...,ψn(t, s1, . . . , sn) =
∑
i1,...,in≥0
∆
(i1,...,in)
L (t) s
i1
1 · · · s
in
n ,
where ∆
(i1,...,in)
L (t) belongs to R[t, t
−1] for odd m and to t1/2 × R[t, t−1] for even
m. The sum on the right-hand side is finite since ∆
(i1,...,in)
L (t) = 0 provided ik >
rankψik for some k = 1, . . . , n. For any triple (L+, L−, L0) as in Proposition 3.2
and for any i1, . . . , in ≥ 0,
∆
(i1,...,in)
L+
(t)−∆
(i1,...,in)
L−
(t) = (t1/2 − t−1/2)∆
(i1,...,in)
L0
(t).
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Another interesting restriction of ∆L,ψ1,...,ψn is obtained by the substitution
t = 1. By the skein relation, the resulting polynomial depends only on the homotopy
type of the components of L.
If V is a free module, then we can take as ψ1, . . . , ψn a basis in the R-module of
bilinear forms V ⊗ V → R. This results in a link polynomial on 1 + v2 variables,
where v is the rank of V .
Example. Take n = 1 and let ψ1 = ·∂M : V × V → R be the homological in-
tersection on ∂M restricted to V . This gives a polynomial invariant ∆L(t, s) =
det(t1/2Θ − t−1/2ΘT + t−1/2sΨ) where Θ and Ψ are the matrices of the bilinear
forms ϑ and ·∂M ◦ (d × d) with respect to a basis of H . We leave to the reader to
check the following three properties of ∆L(t, s), where m denotes the number of
components of L:
- ∆L(1,−1) = 1 if m = 1 and ∆L(1,−1) = 0 otherwise;
- ∆L(t
−1, st−1) = (−1)m−1∆L(t, s);
- ∆−L(t, s) = ∆L(t,−(s+ t+ 1)), where −L is L with opposite orientation.
We can sometimes explicitly compute ∆L(t, s) for links L represented by simple
closed curves on ∂M . Let Σ ⊂ ∂M be a compact connected surface of genus g
with boundary, such that the image of the inclusion homomorphism H1(Σ;R) →
H1(∂M ;R) is contained in V . We endow Σ with the orientation induced by the
orientation on ∂M (which in its turn is induced by the one on M). Let Σ˜ ⊂
Int(M) be the oriented surface obtained by pushing Σ inside M and reversing its
orientation. Clearly, L = ∂Σ˜ ⊂M is a homologically trivial link with Seifert surface
Σ˜. It is easy to see that the form ϑ associated with Σ˜ is identically zero. It follows
from the definitions that ∆L(t, s) = t
−gs2g if L is a knot, and ∆L(t, s) = 0 else.
3.4. Remark. Let Σ be a compact connected oriented surface of genus g with ∂Σ 6=
∅. Consider the quasi-cylinderM = Σ×[0, 1], V = H1(Σ×0) over Z. For any knotK
inM , the Laurent polynomial ∆ = ∆K(t, s) ∈ Z[t, t−1, s] introduced in the previous
example satisfies ∆(t−1, st−1) = ∆(t, s), ∆(1,−1) = 1 and degs∆ ≤ 2g. If g = 0
(that is, if Σ is a disc with holes), then these conditions characterize completely
the polynomials ∆ which can be realized as the Alexander-Conway polynomial of
a knot in M . Indeed, in this case ∆ ∈ Z[t, t−1], ∆(t−1) = ∆(t),∆(1) = 1 so that
∆ can be realized as the Alexander-Conway polynomial of a knot in a 3-ball in M .
We do not know whether the conditions above are sufficient for g > 0.
4. The genus
The genus of a homologically trivial link L in a 3-manifold M is defined by
g(L) = min{genus(F ) : F is a Seifert surface for L in M}.
IfM is a 3-ball, then Seifert proved that g(L) ≥ 12 (span∆L(t)+1−m), where span
is the usual span of a Laurent polynomial in one variable t and m is the number of
components of L. This result extends to our setting as follows.
Proposition 4.1. Let L be a homologically trivial m-component link in a quasi-
cylinder (M,V ) with H2(M) = 0. Let ψ : V × V → R′ be a pairing as in Section
3.1. Then
g(L) ≥
1
2
(span∆L,ψ(t) + 1−m).
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Proof. Let F be a Seifert surface for L realizing the genus g(L), and let Θ,Ψ be
corresponding matrices. By definition of ∆L,ψ(t),
span∆L,ψ(t) = span
∣∣t1/2Θ− t−1/2ΘT + t−1/2Ψ∣∣
= span
∣∣tΘ−ΘT +Ψ∣∣ ≤ rankH1(F ) = 2g(L) +m− 1.
The inequality follows. 
Consider now a homologically trivial m-component link L in Σ× [0, 1], where Σ
is a compact connected oriented surface of genus g. The following algorithm (due
to Seifert in the case where Σ is a 2-disc) produces a Seifert surface for L from a
connected diagram of L on Σ. (A link diagram is connected if it cannot be presented
as a union of disjoint non-empty link diagrams.) Let n be the number of crossings
on the diagram. Smoothing these crossings in the unique way compatible with
the orientation of L, one obtains a closed oriented 1-manifold Γ ⊂ Σ consisting
of γ ≥ 1 disjoint simple closed curves on Σ. Note that [Γ] = [L] = 0 ∈ H1(Σ).
Therefore, there is a finite collection of oriented connected subsurfaces Σ1, . . . ,Σc
of Σ = Σ× 0 whose boundaries are disjoint and ∪i∂Σi = Γ. A Seifert surface F for
L can be obtained from the Σi by pushing their interiors into Σ× [0, 1] and adding
a half-twisted band at each crossing.
Proposition 4.2. Let γ0 be the number of discs among the surfaces Σ1, . . . ,Σc.
Then γ0 ≤ γ and
g(L) ≤ 1 +
1
2
(n− γ −m) + (γ − γ0)max{1, g}.
Proof. We have
2− 2g(F )−m = χ(F ) =
c∑
i=1
χ(Σi)− n = 2c− 2
c∑
i=1
gi − γ − n
where gi is the genus of Σi. Clearly gi ≤ g and gi = 0 if Σi is a disc. Hence
g(L) ≤ g(F ) = 1 +
1
2
(n− γ −m) + (γ − c) +
c∑
i=1
gi
≤ 1 +
1
2
(n− γ −m) + (γ − c) + (c− γ0)g.
The inequalities γ0 ≤ c ≤ γ now give the result. 
Note that if g = 0, then γ = γ0 and we obtain Seifert’s inequality g(L) ≤
1 + 12 (n− γ −m) for links in the 3-ball.
Combining Propositions 4.1 and 4.2, we obtain in the case ∂Σ 6= ∅ that
span∆L,ψ(t) ≤ n+ 1− γ + 2(γ − γ0)max{1, g}.
5. Concordance invariants
Two links L0, L1 in a 3-manifold M are concordant if there is a smooth oriented
surface S ⊂ M × [0, 1] such that ∂S = (L1 × 1) ∪ (−L0 × 0) and each component
of S is an annulus with one boundary component on M × 0 and the other one on
M × 1. Cobordant links have the same number of components.
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Lemma 5.1. Assume that R is a principal ideal domain. Let (M,V ) be a quasi-
cylinder over R such that M is compact and H2(M) = 0. Let ψ : V × V → R′ be a
bilinear pairing with values in an integral domain R′ containing R as a subring. Let
L0, L1 be concordant homologically trivial links in M and F0, F1 be their Seifert sur-
faces with associated Seifert triples (H1(F0;R), ϑ0, d0), (H1(F1;R), ϑ1, d1). Then
there is a basis x1, . . . , x2g of the R-module H = H1(F0;R)⊕H1(F1;R) such that
the bilinear forms
ϑ = (−ϑ0)⊕ ϑ1 and ψ˜ = −(ψ ◦ (d0 × d0))⊕ (ψ ◦ (d1 × d1))
satisfy ϑ(xi, xj) = ψ˜(xi, xj) = 0 for all i, j > g.
Proof. Let S ⊂M × [0, 1] be a surface as in the definition of the link concordance.
Then S ∪ (F0 × 0) ∪ (−F1 × 1) is a closed connected oriented surface in M × [0, 1].
Claim 1: There is a compact oriented 3-manifold N ⊂ M × [0, 1] such that
∂N = S ∪ (F0 × 0) ∪ (−F1 × 1).
Indeed, let Uk be a closed tubular neighborhood of Lk = ∂Fk in Fk for k = 0, 1.
Let F ′k be the closure of Fk \ Uk. Deforming if necessary S, we can assume that S
meets ∂(M × [0, 1]) precisely along ∂S = (L1 × 1) ∪ (−L0 × 0). Let U = S ×D2
be a closed tubular neighborhood of S in M × [0, 1]. Deforming if necessary U ,
we can assume that U ∩ (Fk × k) = Uk × k for k = 0, 1. Let Y be the closure
of (M × [0, 1]) \ U . Then Y is a compact oriented 4-manifold with boundary and
F ′k × k ⊂ ∂Y for k = 0, 1.
We define a continuous map f : ∂Y → S1 as follows. For k = 0, 1, let F ′k× [−1, 1]
be a closed tubular neighborhood of F ′k × k in Y ∩ (M × k) ⊂ ∂Y . Then, f
restricted to F ′k × [−1, 1] is given by f(x, t) = e
iπt for x ∈ F ′k, t ∈ [−1, 1]. On
S × ∂D2 ⊂ ∂Y , the map f is such that f−1(1) = S × ⋆ for some ⋆ ∈ ∂D2. Finally,
f(x) = −1 for all x ∈ ∂M × [0, 1] and all x ∈ ((M × k) ∩ Y ) \ (F ′k × [−1, 1])
where k = 0, 1. By elementary obstruction theory, the map f : ∂Y → S1 extends
to Y if and only if there is a homomorphism φ : H1(Y )→ Z such that φ ◦ i∗ = f∗,
where i is the inclusion ∂Y →֒ Y . Using the exact homology sequence of the
pair (M × [0, 1], Y ), the excision theorem, and the assumption H2(M) = 0, we
obtain that H3(Y ) = 0 and H2(Y ) = Z
m where m is the number of components
of L0 (and of L1). A basis of H2(Y ) is given by the homology classes of m tori
T1, . . . , Tm ⊂ ∂Y forming ∂(U ∩ (M × 0)). We have H1(Y, ∂Y ) = H3(Y ) = 0 and
H2(Y, ∂Y ) = H
2(Y ) = Zm ⊕ G where G is a finite abelian group. The summand
Zm ⊂ H2(Y, ∂Y ) has a basis y1, . . . , ym dual to the basis [T1], . . . , [Tm] of H2(Y ).
The homological sequence of the pair (Y, ∂Y ) yields
H2(Y, ∂Y )
∂
−→ H1(∂Y )
i∗−→ H1(Y ) −→ 0.
Clearly, f∗(∂(G)) = 0. Using the assumption ∂M 6= ∅, it is easy to construct for
each j = 1, . . . ,m, a loop in f−1(−1) ⊂ ∂Y piercing Tj once and disjoint from the
other m − 1 tori. This loop represents ∂(yj) mod ∂(G). Therefore, f∗(∂(yj)) = 0
for all j. Thus, the obstruction to the extension of f to Y mentioned above is 0.
Let f˜ : Y → S1 be a continuous extension of f . Deform f˜ so that 1 is one of its
regular values. Then the 3-manifold N = f˜−1(1) satisfies the conditions of Claim
1.
Set H ′ = H1(F
′
0;R) ⊕ H1(F
′
1;R), which we identify with H = H1(F0;R) ⊕
H1(F1;R) via the inclusion homomorphism. Let K˜ (resp. K) be the kernel of the
inclusion homomorphism H1(∂N ;Q) → H1(N ;Q) (resp. H ⊗ Q → H1(N ;Q)),
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where ⊗ = ⊗R and Q = Q(R) denotes the field of fractions of R. By the standard
argument using the Poincare´-Lefschetz duality, the dimension of K˜ is half of the
dimension of H1(∂N ;Q). Furthermore, one easily checks that both the kernel and
the cokernel of the inclusion homomorphism H ⊗Q→ H1(∂N ;Q) have dimension
m− 1. Therefore,
dimQK ≥ dimQ K˜ =
1
2
dimQH1(∂N ;Q) =
1
2
dimQ(H ⊗Q).
We now use this fact to show a second claim. The proof is adapted from [7, p. 89].
Claim 2: There is an R-basis x1, . . . , x2g of H such that xi maps to zero in
H1(N ;Q) for all i > g.
Observe first that H is a free R-module of rang 2g where g is the genus of ∂N .
Then H ⊗ Q is a vector space over Q of dimension 2g and dimQK ≥ g. Pick a
g-dimensional subspace E of K. Clearly, E admits a Q-basis consisting of elements
in H : just take any Q-basis of E and multiply its vectors by non-zero scalars.
Let E0 be the R-span of these elements in H . Since R is a principal ideal domain,
H/E0 = F⊕T where F is a free R-module of rank g and T a torsion R-module. Let
T˜ be the pre-image of T under the projection H → H/E0. Then E0 ⊂ T˜ ⊂ H ∩E
and T˜ /E0 = T . Since R is a principal ideal domain and H is free, T˜ is free as well.
Since the sequence 0→ T˜ → H → F → 0 is exact and F is free, a basis for T˜ can
be completed to an R-basis of H which satisfies the conditions of Claim 2.
The lemma now follows from one last claim.
Claim 3: If a, b ∈ H map to zero in H1(N ;Q), then ψ˜(a, b) = ϑ(a, b) = 0.
Indeed, if a, b ∈ H map to zero in H1(N ;Q) = H1(N ;R)⊗Q, then r ·a and r′ · b
map to zero in H1(N ;R) for some non-zero r, r
′ ∈ R. By R-bilinearity of ψ˜ and ϑ
and the assumption that R′ is an integral domain, it is enough to consider the case
where a, b ∈ H map to zero in H1(∂N ;R). We have a = a0 ⊕ a1 and b = b0 ⊕ b1
with a0, b0 ∈ H1(F0;R) and a1, b1 ∈ H1(F1;R). Consider the following inclusion
homomorphisms
H → H1(∂N ;R)→ H1(N ;R)→ H1(M × [0, 1];R) = H1(M ;R) = V.
Clearly, the composition is given by x0 ⊕ x1 7→ d0(x0) + d1(x1). Since a, b are in
the kernel of this composition, d0(a0) + d1(a1) = d0(b0) + d1(b1) = 0. Hence,
ψ˜(a, b) = −ψ(d0(a0), d0(b0)) + ψ(d1(a1), d1(b1)) = 0.
By the assumptions on a, b, there are 2-chains α, β in N such that ∂α = a0 + a1
and ∂β = b0 + b1. Let Bk be a 2-cycle in M × k such that ∂Bk = bk − dk(bk) for
k = 0, 1. Then
ϑ(a, b) = ϑ1(a1, b1)− ϑ0(a0, b0) = a
+
1 ·M×1 B1 − a
+
0 ·M×0 B0.
The equality d0(b0) + d1(b1) = 0 implies that there is a 2-chain Z in ∂M × [0, 1]
such that ∂Z = d0(b0) + d1(b1). Since Z is disjoint from a
+
0 and a
+
1 , and a
+
k is
disjoint from Bℓ for k 6= ℓ,
ϑ(a, b) = (a+0 + a
+
1 ) ·∂(M×[0,1]) (B0 +B1 + Z).
Here we used the fact that the orientation on ∂(M × [0, 1]) matches the one on
M × 1 and is opposite to the one on M × 0. There is a map N → (M × [0, 1]) \N
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extending the push in the positive normal direction F ′k → (M ×k)\F
′
k for k = 0, 1.
Let α+ be the image of α under this map. Then
ϑ(a, b) = α+ ·M×[0,1] (B0 +B1 + Z) = α
+ ·M×[0,1] β,
since B0+B1+Z−β is a 2-cycle, and therefore a 2-boundary, inM× [0, 1]. Finally,
β ⊂ N and α+ ⊂ (M × [0, 1]) \N are disjoint, so α+ ·M×[0,1] β = 0. This concludes
the proof. 
The following theorem generalizes the results of Fox-Milnor [5] for knots in S3.
Theorem 5.2. Let L0, L1 be concordant homologically trivial links in a quasi-
cylinder (M,V ) over a principal ideal domain R such that M is compact and
H2(M) = 0. Let ψ1, . . . , ψn : V × V → R be bilinear forms such that ψu is sym-
metric for u = 1, . . . , p and skew-symmetric for u = p + 1, . . . , n. Then for some
f ∈ R[t1/2, s1, . . . , sn],
∆L0,ψ1,...,ψn(t
−1,−s1t
−1/2, . . . ,−spt
−1/2, sp+1t
−1/2, . . . , snt
−1/2)×
×∆L1,ψ1,...,ψn(t, s1t
1/2, . . . , snt
1/2)
= f(t−1,−s1, . . . ,−sp, sp+1, . . . , sn) f(t, s1, . . . , sn).
Proof. By Lemma 5.1, the matrices of the bilinear pairings ϑ = (−ϑ0)⊕ ϑ1 and
ψ˜ = −(
∑
u
suψu ◦ (d0 × d0))⊕ (
∑
u
suψu ◦ (d1 × d1))
with respect to a certain basis of H = H1(F0;R)⊕H1(F1;R) have the form
Θ =
(
⋆ A
B 0
)
and Ψ˜ =
∑
u
suΨ˜u =
(
⋆
∑
u suCu∑
u suC
′
u 0
)
,
where A,B,Cu, C
′
u are square matrices over R of equal size. Note that C
′
u = C
T
u
for u = 1, . . . , p and C′u = −C
T
u for u = p+ 1, . . . , n.
Let m be the number of components of L0 (and of L1). By Proposition 3.3,
∆L0,ψ1,...,ψn(t
−1,−s1t
−1/2, . . . ,−spt
−1/2, sp+1t
−1/2, . . . , snt
−1/2)×
×∆L1,ψ1,...,ψn(t, s1t
1/2, . . . , snt
1/2)
= (−1)m−1∆L0,ψ1,...,ψn(t, s1t
1/2, . . . , snt
1/2)∆L1,ψ1,...,ψn(t, s1t
1/2, . . . , snt
1/2)
=
∣∣∣t1/2Θ− t−1/2ΘT + Ψ˜∣∣∣
=
∣∣∣∣ ⋆ t1/2A− t−1/2BT +∑u suCut1/2B − t−1/2AT −∑u suC′u 0
∣∣∣∣
= f(t−1,−s1, . . . ,−sp, sp+1, . . . , sn) f(t, s1, . . . , sn),
where f(t, s1, . . . , sn) =
∣∣t1/2A− t−1/2BT +∑u suCu∣∣. (The sign (−1)m−1 disap-
pears because of the minuses in the definition of the forms ϑ and ψ˜.) 
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6. Signatures and derived invariants
6.1. Signatures. The classical Murasugi-Tristram-Levine signature of a link L in
the 3-ball is the function σL : S
1 → Z whose value on ω ∈ S1 ⊂ C is the signature
of the Hermitian matrix (1 − ω)Θ + (1 − ω)ΘT , where Θ is a Seifert matrix of L.
This function is a well-defined invariant of L. It is a concordance invariant away
from the roots of ∆L on S
1. We now extend these results to our setting.
Consider a quasi-cylinder (M,V ) over R = R. Fix p symmetric bilinear forms
ψ1, . . . , ψp : V ×V → R and n−p skew-symmetric bilinear forms ψp+1, . . . , ψn : V ×
V → R. Let L be a homologically trivial link in M and (H,ϑ, d) be the Seifert
triple associated with a Seifert surface for L. The signature of L is the function
σL,ψ1,...,ψn : S
1 × Rn → Z
sending a tuple (ω ∈ S1, λ = (λ1, . . . , λn) ∈ Rn) to the signature of the Hermitian
form
(1 − ω)ϑ+ (1− ω)ϑT + (
p∑
u=1
λuψu + i
n∑
u=p+1
λuψu) ◦ (d× d)
on C⊗R H . Using Theorem 2.3, one easily checks that σL does not depend on the
choice of the Seifert surface (see e.g. [7, Chapter 8] for a proof which extends to
our setting). Thus, it is a well-defined isotopy invariant of L.
Theorem 6.1. Let L0, L1 be concordant homologically trivial links in a quasi-
cylinder (M,V ) over R such that M is compact and H2(M) = 0. Then
σL0,ψ1,...,ψn(ω, λ) = σL1,ψ1,...,ψn(ω, λ)
for all ω 6= 1 and λ ∈ Rn such that both ∆L0,ψ1,...,ψn and ∆L1,ψ1,...,ψn do not vanish
on (ω, ξλ1, . . . , ξλp, iξλp+1, . . . , iξλn) where ξ = (1− ω−1)−1.
Proof. We shall use the notation introduced in the proof of Theorem 5.2. Clearly,
σL1,ψ1,...,ψn(ω, λ)− σL0,ψ1,...,ψn(ω, λ) = sgn(Φ), where
Φ = (1− ω)Θ + (1 − ω)ΘT +
p∑
u=1
λuΨu + i
n∑
u=p+1
λuΨu
=
(
⋆ (1− ω)A+ (1− ω)BT + C
(1 − ω)B + (1− ω)AT + C′ 0
)
,
with A,B,C,C ′ square matrices over C of equal size. Therefore, sgn(Φ) = 0 unless
Φ is degenerate. We have
detΦ = ±
∏
k=0,1
∣∣(1− ω)Θk + (1− ω)ΘTk +∑pu=1 λuΨk,u + i∑nu=p+1 λuΨk,u∣∣ ,
where Θk and Ψk,u are the matrices of the forms ϑk and ψu◦(dk×dk) on H1(Fk;R).
For k = 0, 1, the k-th determinant on the right-hand side is equal to
ω−rk/2(1− ω)rk∆Lk,ψ1,...,ψn (ω, ξλ1, . . . , ξλp, iξλp+1, . . . , iξλn) ,
where rk = dimH1(Fk;R). This proves the theorem. 
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6.2. Further invariants. We assume in this subsection that the ground ring R
is a field and W is a vector space over R. More invariants of Seifert triples can
be obtained using the following construction. A Seifert triple (H,ϑ, d) over W
gives a Seifert triple (H ′, ϑ′, d′) over any submodule W ′ of W by H ′ = d−1(W ′),
ϑ′ = ϑ|H′×H′ , and d
′ = d|H′ . The latter triple is said to be a restriction of (H,ϑ, d).
Note that equivalent Seifert triples may give non-equivalent restrictions. To handle
this, we introduce a notion of stable equivalence for Seifert triples.
We say that a Seifert triple (H2, ϑ2, d2) over W is obtained from a Seifert triple
(H1, ϑ1, d1) over W by a trivial enlargement (and (H1, ϑ1, d1) is obtained from
(H2, ϑ2, d2) by a trivial reduction) if H2 = H1 ⊕ Rb, d2|H1 = d1, d2(b) = 0,
ϑ2|H1×H1 = ϑ1, ϑ2(H1, b) = ϑ2(b,H1) = ϑ2(b, b) = 0. Thus, a matrix of ϑ2 is
obtained from a matrix of ϑ1 by adding a zero row and a zero column. Two Seifert
triples over W are stably equivalent if they can be related by (a finite sequence of)
isomorphisms, elementary enlargements and reductions, and trivial enlargements
and reductions.
It is easy to check that stably equivalent Seifert triples over W restrict to stably
equivalent Seifert triples over submodules of W . Therefore a stable equivalence
invariant of Seifert triples generates a family of such invariants by applying it to all
possible restrictions of a given Seifert triple.
Given a Seifert triple (H,ϑ, d) over W , the associated polynomial det(t1/2Θ −
t−1/2ΘT + t−1/2Ψ) as in Section 3.2 is not preserved under trivial enlargements.
The module presented by the matrix tΘ−ΘT +Ψ is preserved up to taking direct
sums with free R′[t, t−1]-modules of finite rank. The sequence of elementary ideals
of this module is preserved up to shifts of the index.
The signatures of Seifert triples are easily seen to be invariant under stable
equivalence. This generates a family of stable equivalence invariants obtained by
taking the signatures of the restrictions.
Applying the constructions above to homologically trivial links in a quasi-cylinder
(M,V ) over R, we obtain derived signatures numerated by the subspaces of V . They
are isotopy invariants. We do not know whether they are concordance invariants
or not.
7. The multivariable case
The classical theory of Seifert surfaces for oriented links in S3 has been extended
to µ-colored links in S3 using ‘C-complexes’ (see [1, 2, 3, 4]). The aim of the present
section is to sketch a further extension of this theory to µ-colored links in quasi-
cylinders.
7.1. Colored links. Let µ be a fixed positive integer. A µ-colored link L = L1 ∪
· · ·∪Lµ in an oriented 3-manifoldM is an oriented link in the interior ofM together
with a surjective map assigning to each component of L a color in {1, . . . , µ}. The
sublink Li is constitued by the components of L with color i for i = 1, . . . , µ.
We shall say that two colored links L,L′ in M are isotopic if there is an ambient
isotopy between L and L′, fixing ∂M , and preserving the orientation and color of
every component. A µ-colored link L = L1 ∪ · · · ∪ Lµ is homologically trivial if
[Li] = 0 in H1(M) for all i = 1, . . . , µ.
Note that a 1-colored link is an ordinary link, as defined in Section 1. Setting
µ = 1 in the present section, we obtain the theory developed in the previous sections.
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Fi Fj
Figure 1. A clasp intersection.
7.2. C-complexes. A C-complex for a µ-colored link L = L1 ∪ · · · ∪ Lµ in an
oriented 3-manifold M is a union F = F1 ∪ · · · ∪ Fµ of surfaces in M such that F
is connected, and the following conditions hold:
(i) for all i, Fi is a Seifert surface for Li;
(ii) for all i 6= j, Fi ∩ Fj is either empty or a union of clasps (see Figure 1);
(iii) for all i, j, k pairwise distinct, Fi ∩ Fj ∩ Fk is empty.
In the case µ = 1, a C-complex for L is simply a Seifert surface for L.
In order to have a C-complex, a µ-colored link clearly needs to be homologically
trivial. One easily checks that it is the only obstruction: every homologically trivial
µ-colored link L = L1∪· · ·∪Lµ in an oriented 3-manifold has a C-complex. Indeed,
by Proposition 2.2, every sublink Li admits a Seifert surface Fi. Then, by [1, Lemma
1], each Fi can be isotoped keeping its boundary fixed to give a C-complex for L.
Proposition 7.1. Let F and F ′ be C-complexes for isotopic colored links in a
quasi-cylinder (M,V ) over R. If H2(M) = 0, then F and F
′ can be transformed
into each other by a finite number of the following operations and their inverses:
(T0) Ambient isotopy keeping ∂M fixed;
(T1) surgery on one surface;
(T2) addition of a ribbon intersection, followed by a ‘push along an arc’
through this intersection (see Figure 2);
(T3) the transformation described in Figure 2.
Proof. By the first move, it may be assumed that ∂Fi = ∂F
′
i = Li for all i. Since
H2(M) = 0, Fi and F
′
i are related by ambient isotopies (keeping Li fixed) and
surgeries. Clearly, a surgery on Fi can be performed avoiding F \ Fi, giving move
T 1. Now, for every ambient isotopy between Fi and F
′
i , we can apply [1, Lemma
3], whose proof extends to our setting: such an ambient isotopy can be induced by
a finite sequence of moves T 0, T 2, T 3 and their inverses. 
7.3. Seifert forms for colored links. Let us now define the corresponding gen-
eralization of the Seifert form. Let as above R be an arbitrary commutative ring
T2 T3
Figure 2. The transformations T 2 and T 3 in Proposition 7.1.
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.
Fi
Fj
εi
εj
F ε
Figure 3. The surface F ε near a clasp; the arrow off Fi indicates
the εi-normal direction on Fi in M .
with unit. Let Ni = Fi × [−1, 1] be a bicollar neighborhood of Fi in the interior of
M . Given a sign εi = ±1, let F
εi
i be the translated surface Fi × {εi} ⊂ Ni. Also,
let T (Li) be a tubular neighborhood of Li in Int(M), and let Y be the complement
of
⋃µ
i=1 Int(Ni ∪ T (Li)) in M . Given a sequence ε = (ε1, . . . , εµ) of ±1, set
F ε =
µ⋃
i=1
F εii ∩ Y.
See Figure 3 for an illustration of F ε near a clasp. Since all the intersections are
clasps, there is an obvious homotopy equivalence between F and F ε inducing an
isomorphism H1(F ;R) → H1(F ε;R), a 7→ aε. Note also that F ε is a smooth
surface, endowed with a canonical orientation: the orientation that matches the
one on Fi if and only if εi = +1. Hence, we have a well-defined Seifert form ϑF ε
on H1(F
ε;R) as in Section 2. Therefore, each choice of signs ε = (ε1, . . . , εµ) leads
to a Seifert form ϑε and to an intersection form ϕε on H1(F ;R) defined by
ϑε(a, b) = ϑF ε(a
ε, bε) and ϕε(a, b) = aε ·F ε b
ε
for all a, b in H1(F ;R). These forms are related as follows.
Lemma 7.2. For all a, b in H1(F ;R) and all signs ε = (ε1, . . . , εµ),
ϑε(a, b)− ϑ−ε(a, b) = ϕε(a, b) and ϑε(a, b)− ϑ−ε(b, a) = d(a) ·∂M d(b),
where ·∂M is the intersection pairing on ∂M and d : H1(F ;R) → V the composi-
tion of the inclusion homomorphism H1(F ;R)→ H1(M ;R) with the isomorphism
dV : H1(M ;R)→ V .
Proof. Let iε : H1(F ;R) → H1(F
ε;R) denote the isomorphism given by a 7→ aε.
As an oriented smooth surface, F ε is diffeomorphic to −F−ε, the surface F−ε with
the opposite orientation. This leads to a canonical isomorphism hε : H1(F
ε;R)→
H1(F
−ε;R) such that hε ◦ iε = i−ε and ϑ+F−ε ◦ (h
ε × hε) = ϑ−F ε . (Recall that the
bilinear form ϑ−F ε is defined as ϑ
+
F ε = ϑF ε but using a
− instead of a+.) Therefore:
ϑε − ϑ−ε = ϑ+F ε ◦ (i
ε × iε)− ϑ+F−ε ◦ (i
−ε ⊗ i−ε)
= ϑ+F ε ◦ (i
ε × iε)− ϑ+F−ε ◦ (h
ε × hε) ◦ (iε × iε)
= (ϑ+F ε − ϑ
−
F ε) ◦ (i
ε × iε).
By formula (2.a) applied to F ε, this is equal to ·F ε ◦ (iε× iε) giving the result. The
second equality follows from formula (2.b) in a similar way. 
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This result leads to the following definition. A µ-colored Seifert triple over an
R-module W is a triple (H, {ϑε}ε, d), where H is a free R-module of finite rank,
{ϑε}ε a family of 2µ−1 bilinear forms on H indexed by the set
E = {(ε1, ε2, . . . , εµ) : ε1 = +1, εi = ±1 for i > 1},
and d a homomorphism H → W . (Note that we don’t consider the forms ϑε with
ε1 = −1 since they can be recovered from the other forms via Lemma 7.2.)
A µ-colored Seifert triple (H˜, {ϑ˜ε}, d˜) is obtained from another µ-colored Seifert
triple (H, {ϑε}, d) by a type I elementary enlargement if the following conditions
hold: H˜ = H ⊕ Ra ⊕ Rb, d˜|H = d, d˜(b) = 0, and there is some index i and some
sign σ = ±1 such that for all ε ∈ E, the matrix Θε for ϑε with respect to a basis h
of H is related to the matrix Θ˜ε with respect to the basis h ∪ {a, b} of H˜ by
Θ˜ε =
Θε ⋆ 0⋆ ⋆ δσ,εi
0 δ−σ,εi 0
 ,
where δ is the Kronecker symbol. Similarly, one speaks of type II elementary en-
largement if the following conditions hold: H˜ = H ⊕ Ra ⊕ Rb, d˜|H = d, d˜(b) = 0,
and there is some indices i 6= j and some signs σ, σ′ such that
Θ˜ε =
Θε ⋆ 0⋆ ⋆ δσ,εiδσ′,εj
0 δ−σ,εiδ−σ′,εj 0
 .
We shall say that two µ-colored Seifert triples over W are equivalent if they can
be related by a finite number of type I and II elementary enlargements (and reduc-
tions).
Theorem 7.3. Let (M,V ) be a quasi-cylinder over R with H2(M) = 0. For any
homologically trivial µ-colored link L in M , the equivalence class of the µ-colored
Seifert triple of a C-complex for L does not depend on the choice of the C-complex
and provides an isotopy invariant of the µ-colored link L.
Proof. By Proposition 7.1, we are left with the proof that if two C-complexes are
related by transformations T 0 to T 3, then the corresponding Seifert triples are
equivalent. Obviously, transformation T 0 does not change the Seifert triple. It
is an easy exercice to check that if a C-complex F˜ is obtained from a C-complex
F via surgery on Fi, then the corresponding Seifert triples are related by a type
I elementary enlargement with index i. (The sign σ is determined by the side of
Fi along which the surgery is performed.) Also, one verifies that transformation
T 2 involving surfaces Fi and Fj corresponds to a type II elementary enlargement
with indices i, j, and some signs σ, σ′ given by the orientations of Fi and Fj . Fi-
nally, consider two C-complexes related by a T 3 transformation. Then, the two
corresponding Seifert triples can be understood as two distinct type II elementary
enlargements of some fixed Seifert triple. This concludes the proof. 
7.4. The Conway function. Fix a commutative unital ring R′ containing R as
a subring, and an R-bilinear pairing ψ : V × V → R′. Consider a homologically
trivial µ-colored link L in M , and let (H, {ϑεF }ε, d) be the µ-colored Seifert triple
associated with a C-complex F for L. Let ΘεF and Ψ be the matrices of the bilinear
forms ϑεF and ψ ◦ (d× d) with respect to a basis of H .
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Let ΛR′,µ denote the localization of the ring R
′[t±11 , . . . , t
±1
µ ] with respect to
the multiplicative system generated by {ti − t
−1
i }1≤i≤µ. The (extended) Conway
function of L is the element of ΛR′,µ defined by
ΩL,ψ(t1, . . . , tµ) = (−1)
c−ℓ
2
µ∏
i=1
(ti − t
−1
i )
χ(F\Fi)−1 det(−AF +Ψ),
where c is the number of clasps in F , ℓ =
∑
i<j lkV (Li, Lj), and
AF =
∑
ε∈E
ε2 · · · εµ
[
t1t
ε2
2 · · · t
εµ
µ Θ
ε
F + (−1)
µ(t1t
ε2
2 · · · t
εµ
µ )
−1(ΘεF )
T
]
.
Proposition 7.4. The extended Conway function is an isotopy invariant of the
µ-colored link L.
Proof. By Proposition 7.1 and the proof of Theorem 7.3, we just need to check that
ΩL,ψ remains unchanged if the C-complex F is transformed via moves T 1 and T 2.
So, let F˜ be a C-complex obtained from F by a surgery on Fk. Clearly, the number
of clasps c remains the same, while
χ(F˜ \ F˜i) =
{
χ(F \ Fi) if i = k,
χ(F \ Fi)− 2 otherwise.
Furthermore, the corresponding µ-colored Seifert triples are related by a type I
elementary enlargement (with index i = k). Using the equality∑
ε∈E
ε2 · · · εµ
[
t1t
ε2
2 · · · t
εµ
µ δσ,εk + (−1)
µ(t1t
ε2
2 · · · t
εµ
µ )
−1δ−σ,εk
]
=
=
∑
ε1,...,εµ
ε1 · · · εµ t
ε1
1 · · · t
εµ
µ δσ,εk = σt
σ
k
∏
i6=k
(ti − t
−1
i ),
we get
AF˜ =
AF ⋆ 0⋆ ⋆ σtσk ∏i6=k(ti − t−1i )
0 −σt−σk
∏
i6=k(ti − t
−1
i ) 0
 , Ψ˜ =
Ψ ⋆ 0⋆ ⋆ 0
0 0 0
 .
Therefore, det(−AF˜ + Ψ˜) =
∏
i6=k(ti − t
−1
i )
2 det(−AF + Ψ). The equality follows.
Now, let F˜ be a C-complex obtained from F by a move T 2 involving Fk and Fℓ.
The number of clasps c˜ of F˜ is given by c+ 2, and
χ(F˜ \ F˜i) =
{
χ(F \ Fi) if i = k, ℓ,
χ(F \ Fi)− 2 otherwise.
The corresponding µ-colored Seifert triples are related by a type II elementary
enlargement with indices k, ℓ. By the equality∑
ε∈E
ε2 · · · εµ
[
t1t
ε2
2 · · · t
εµ
µ δσ,εkδσ′,εℓ + (−1)
µ(t1t
ε2
2 · · · t
εµ
µ )
−1δ−σ,εkδ−σ′,εℓ
]
=
=
∑
ε1,...,εµ
ε1 · · · εµ t
ε1
1 · · · t
εµ
µ δσ,εkδσ′,εℓ = σσ
′tσk t
σ′
ℓ
∏
i6=k,ℓ
(ti − t
−1
i ),
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we get
AF˜ =
AF ⋆ 0⋆ ⋆ σσ′tσk tσ′ℓ ∏i6=k,ℓ(ti − t−1i )
0 σσ′t−σk t
−σ′
ℓ
∏
i6=k,ℓ(ti − t
−1
i ) 0
 .
The invariance follows. 
In the case µ = 1, F is a Seifert surface for L, and the unique Seifert matrix
coincides with the matrix Θ constructed in Section 2. Furthermore, we have c =
ℓ = 0, χ(F \ F1) = χ(∅) = 0. Hence, the Conway function is given by
ΩL,ψ(t1) =
1
t1 − t
−1
1
det(−t1Θ+ t
−1
1 Θ
T +Ψ) =
(−1)m−1
t1 − t
−1
1
∆L,−ψ(t
2
1),
where m is the number of components of L.
If L′ is a µ-colored link in an oriented 3-ballD3 and L is the image of L′ under an
orientation preserving embedding D3 →֒M , then ΩL,ψ(t1, . . . , tµ) = ΩL′(t1, . . . , tµ)
is the usual Conway function of L′, as constructed in [1].
Let us conclude this paragraph with a list of properties of ΩL,ψ generalizing
well-known properties of the Conway function of colored links in S3. We refer to
[1] for the proofs which easily extend to our setting.
Proposition 7.5. (i) Let L+, L− and L0 be homologically trivial µ-colored links
which coincide everywhere except in a small 3-ball where they are related as illus-
trated below. (Here, i denotes the color of the strands in the 3-ball.)
i i i i i i
L+ L− L0
Then, the corresponding Conway functions satisfy the following relation:
ΩL+,ψ(t1, . . . , tµ)− ΩL−,ψ(t1, . . . , tµ) = (ti − t
−1
i )ΩL0,ψ(t1, . . . , tµ).
(ii) Similarly, if L++, L−− and L00 are homologically trivial µ-colored links which
differ by the following local operation,
i j i j i j
L++ L−− L00
then we have the equality
ΩL++,ψ(t1, . . . , tµ) + ΩL−−,ψ(t1, . . . , tµ) = (titj + t
−1
i t
−1
j )ΩL00,ψ(t1, . . . , tµ).
(iii) For any homologically trivial µ-colored link L with m components,
ΩL,ψ(t
−1
1 , . . . , t
−1
µ ) = (−1)
mΩL,ψ′(t1, . . . , tµ),
where ψ′ is the bilinear form given by ψ′(a, b) = (−1)µψ(b, a). 
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7.5. Multivariable signatures. As in Section 6, consider a quasi-cylinder (M,V )
over R = R, and fix p symmetric bilinear forms ψ1, . . . , ψp : V × V → R and n− p
skew-symmetric bilinear forms ψp+1, . . . , ψn : V × V → R. Let L be a µ-colored
homologically trivial link in M and (H, {ϑε}ε, d) be the µ-colored Seifert triple
associated with a C-complex for L. Finally, let T µ denote the µ-dimensional torus
T µ = S1 × · · · × S1 ⊂ Cµ. The (extended) signature of L is the function
σL,ψ1,...,ψn : T
µ × Rn → Z
sending a tuple (ω = (ω1, . . . , ωµ) ∈ T µ, λ = (λ1, . . . , λn) ∈ Rn) to the signature of
the Hermitian form∑
ε∈E
[
(1− ω1)
∏
i>1
(1 − ωεii )ϑ
ε + (1 − ω1)
∏
i>1
(1− ωεii )(ϑ
ε)T
]
+ ψ
on C⊗R H , where ψ = (
∑p
u=1 λuψu + i
∑n
u=p+1 λuψu) ◦ (d× d).
Proposition 7.6. The extended signature is an isotopy invariant of the µ-colored
link L.
Proof. Note that if ωi = 1 for some i, then the signature is equal to zero. Therefore,
it may be assumed that ωi 6= 1 for all i. By Theorem 7.3, we just need to check
that the signatures corresponding to equivalent µ-colored Seifert triples are equal.
So, let us assume that a Seifert triple (H˜, {ϑ˜ε}, d˜) is obtained from another Seifert
triple (H, {ϑε}, d) by a type I elementary enlargement (with index i = k). Using
the equality∑
ε∈E
[
(1− ω1)
∏
i>1
(1− ωεii )δσ,εk + (1 − ω1)
∏
i>1
(1− ωεii )δ−σ,εk
]
=
=
∑
ε1,...,εµ
µ∏
i=1
(1− ωεii ) δσ,εk = (1− ω
σ
k )
∏
i6=k
|1 − ωi|
2,
we see that the corresponding Hermitian matrices M˜ and M are related by
M˜ =
M ⋆ 0⋆ ⋆ (1− ωσk ) ∏i6=k |1− ωi|2
0 (1− ωσk)
∏
i6=k |1− ωi|
2 0
 .
Since ωi 6= 1 for all i, the signatures of M˜ and M coincide by the usual argument.
The invariance of the signature under elementary enlargement of type II follows
from the equality∑
ε∈E
[
(1− ω1)
∏
i>1
(1 − ωεii )δσ,εkδσ′,εℓ + (1 − ω1)
∏
i>1
(1− ωεii )δ−σ,εkδ−σ′,εℓ
]
=
=
∑
ε1,...,εµ
µ∏
i=1
(1− ωεii ) δσ,εkδσ′,εℓ = (1− ω
σ
k )(1− ω
σ′
ℓ )
∏
i6=k,ℓ
|1− ωi|
2
in the same way. 
In the case µ = 1, we obviously get back the extended signatures defined in
Section 6. If L′ is a µ-colored link in an oriented 3-ball D3 and L is the image of
L′ under an orientation preserving embedding D3 →֒M , then σL,ψ(ω, λ) = σL′(ω)
is the multivariable signature of the µ-colored link L′, as constructed in [2].
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We don’t know to which extent the concordance properties of these two special
cases (see Theorem 6.1 and [2, Section 7]) hold in the general case considered here.
8. Generalizations
Our invariants of links are defined under rather strong assumptions: the links
are supposed to be homologically trivial; the ambient manifold, M , is supposed to
have trivial 2-homology and the inclusion homomorphism H1(∂M ;R)→ H1(M ;R)
is supposed to be surjective and to have a section. We explain how to weaken these
conditions.
8.1. Homologically non-trivial links. Let (M,V ) be a quasi-cylinder over R
with H2(M) = 0. Let h ∈ H1(M) belong to the image of the inclusion homo-
morphism H1(∂M) → H1(M). To construct non-trivial invariants of links in M
representing h, one can proceed as follows. Pick a link L∗ in a cylinder neighbor-
hood U ⊂ M of ∂M such that [L∗] = −h. Any link L ⊂ M may be isotopically
deformed in M − U uniquely up to isotopy in M − U . If L ⊂M − U and [L] = h,
then L˜ = L ∪ L∗ is a homologically trivial link in M . The isotopy type of L˜ is
entirely determined by the isotopy type of L and the isotopy type of L∗ in U . The
invariants of homologically trivial links in M defined above may be applied to L˜.
This yields isotopy invariants of L depending on V and L∗. In particular, concor-
dance invariants of homologically trivial links yield concordance invariants of L.
Indeed, if two links L0, L1 in M are concordant, then L˜0 and L˜1 are concordant.
8.2. Generalized quasi-cylinders. A generalized quasi-cylinder over R is a pair
consisting of an oriented 3-manifold M and a submodule V of H1(∂M ;R) such
that the inclusion homomorphism i : V → H1(M ;R) is injective. The theory
of Seifert triples associated with surfaces in quasi-cylinders extend to generalized
quasi-cylinders as follows. Given an oriented surface F in the interior of M , set
H = j−1(i(V )) ⊂ H1(F ;R) where j is the inclusion homomorphism H1(F ;R) →
H1(M ;R). For 1-cycles a, b on F representing homology classes [a], [b] ∈ H , set
ϑ([a], [b]) = lkV (a
+, b). This yields a well-defined bilinear form ϑ : H × H → R.
Applying this construction to the Seifert surface for a link L in M , we obtain the
Seifert triple (H,ϑ, d : H → V ) of L. If H2(M) = 0 and R is a field, then the
stable equivalence class of (H,ϑ, d) does not depend on the choice of F and yields
an isotopy invariant of L.
8.3. High-dimensional generalizations. The constructions of this paper can be
easily generalized to codimension 1 submanifolds of odd-dimensional manifolds with
boundary and to codimension 2 links in such manifolds.
8.4. The case of non-connected boundary. The definitions of linking numbers
and generalized Seifert forms given in Sections 1 and 2 make perfect sense whether
H2(M) is trivial or not (that is, whether ∂M is connected or not). However, the
triviality of H2(M) is needed for Theorem 2.3 to hold. Indeed, this result is based
on the fact that two Seifert surfaces for a link in M can be related by surgeries.
This is clearly not true if H2(M) 6= 0. Therefore, the general theory of Sections 3
to 7 does not hold if the boundary of M is non-connected, and it is very unlikely
that any Seifert type invariant can be constructed in this general setting.
Nevertheless, parts of the theory can be developed in the following special case.
Let (M,V ) be a quasi-cylinder over R, and let us assume that M has exactly two
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boundary components Σ and Σ′, with V = H1(Σ;R). This is a natural class of
quasi-cylinders, as it contains the prototypical example M = Σ × [0, 1] with Σ
closed. Let F be a Seifert surface in such a quasi-cylinder (M,V ), and let Σ˜ denote
a parallel copy of Σ obtained by pushing Σ in Int(M) \ F . Suppose that there is a
solid cylinder [0, 1]×D2 in the interior ofM such that ([0, 1]×D2)∩F = {0}×D2
and ([0, 1]×D2) ∩ Σ˜ = {1} ×D2. Then we shall say that the surface
F ′ = (F \ ({0} ×D2)) ∪ ([0, 1]× ∂D2) ∪ (Σ˜ \ ({1} ×D2))
is obtained from F by adding Σ˜ along the arc [0, 1]× {0}. Here, the orientation of
Σ˜ is chosen so that the orientation of F extends to F ′.
Proposition 8.1. Let (M,V ) be a compact quasi-cylinder over R with ∂M = Σ⊔Σ′
and V = H1(Σ;R). Any two Seifert surfaces F, F
′ for isotopic links in a (M,V )
can be related by a finite number of ambient isotopies keeping ∂M fixed, surgeries,
and additions of parallel copies of Σ along embedded arcs in Int(M).
Proof. Consider a path γ : [0, 1]→M such that γ([0, 1])∩Σ = γ(0), γ([0, 1])∩Σ′ =
γ(1), and such that γ intersects Σ, Σ′, F and F ′ transversally. Let us assume that F
intersects γ in n points. Let Σ˜ be a parallel copy of Σ pushed into M , disjoint from
F , and which intersects γ transversally in γ(t0). Let t1 be the smallest number such
that γ(t1) ∈ F . Consider the surface F1 obtained from F by adding Σ˜ along the
arc γ([t0, t1]). Clearly, F1 intersects γ in n− 1 points. Iterating this construction,
we obtain a Seifert surface F̂ for L disjoint from γ. Similarly, we obtain a Seifert
surface F̂ ′ from F ′ disjoint from γ. Now, consider the compact manifold M̂ given
by the complement in M of an open tubular neighborhood of γ. Also, let Σ̂ be the
surface with boundary given by Σ̂ = Σ∩M̂ . By excision, H∗(M, M̂) = H∗(D2, S1),
so the homological sequence of (M, M̂) reads
0→ H2(M̂)→ H2(M)
∂
→ Z.
Since ∂M has exactly two components, one of which is Σ, the inclusion homomor-
phismH2(Σ)
i∗→ H2(M) is an isomorphism, as well as the compositionH2(Σ)
∂◦i∗−→ Z.
Therefore, ∂ is an isomorphism, and H2(M̂) = 0. So, we have two Seifert surfaces
F̂ and F̂ ′ in M̂ for a fixed link L in (M̂, Σ̂), with H2(M̂) = 0. By the standard
argument, F̂ and F̂ ′ are related by surgeries in Int(M̂) ⊂ Int(M) and by isotopies
of M̂ keeping its boundary fixed. Such an isotopy obviously extends to an isotopy
of M fixing ∂M . This concludes the proof. 
Note that V = H1(Σ;R) is endowed with a natural R-bilinear form: the inter-
section form on Σ. This leads to the following definition.
Let W be a free R-module of finite rank equipped with bilinear form ϕ : W ×
W → R. Let (H,ϑ, d) and (H ′, ϑ′, d′) be two Seifert triples over W . We shall
say that (H ′, ϑ′, d′) is obtained from (H,ϑ, d) by a ϕ-enlargement (and (H,ϑ, d)
from (H ′, ϑ′, d′) by a ϕ-reduction) if the following conditions hold: H ′ = H ⊕W ,
d′|H = d, d′|W = idW , ϑ′|H×H = ϑ, ϑ′|H×W = 0, ϑ′|W×H = ϕ ◦ (idW × d) and
ϑ′|W×W = 0 or ϕ. If h is a basis of H and w a basis of W , then h ∪w is a basis of
H ′ and the matrix Θ′ for ϑ′ with respect to h ∪ w is computed from the matrix Θ
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for ϑ with respect to h by
Θ′ =
(
Θ 0
C D
)
or
(
Θ 0
C 0
)
,
where C is the matrix of ϕ ◦ (idW × d), and D the matrix of ϕ. We shall say that
two Seifert triples overW are ϕ-equivalent if they can be related by a finite number
of isomorphisms, elementary enlargements, elementary reductions, ϕ-enlargements
and ϕ-reductions.
Theorem 8.2. Let (M,V ) be a quasi-cylinder over R and let us assume that M
has exactly two boundary components Σ and Σ′, with V = H1(Σ;R). Finally, let ϕ
denote the intersection form on V . For any homologically trivial link L ⊂ M , the
ϕ-equivalence class of the Seifert triple of a Seifert surface for L does not depend
on the choice of the surface and provides an isotopy invariant of L.
Proof. By Proposition 8.1, we just need to check that the addition of a parallel copy
of Σ induces a ϕ-enlargement of the corresponding Seifert triple. Let F ′ denote the
Seifert surface obtained from F by the addition of Σ˜ along an arc, and let ϑ′
denote the corresponding form. Clearly, H1(F
′) = H1(F ) ⊕H1(Σ), d
′|H1(F ) = d,
d′|H1(Σ) = idH1(Σ) and ϑ
′ restricted to H1(F )×H1(F ) is equal to ϑ. Furthermore,
ϑ′(a, b) = a+ ·∂M B = 0 for (a, b) in H1(F )×H1(Σ), since B can be chosen to be a
thin annulus b× [0, η] disjoint from a+. For a, b in H1(Σ),
ϑ′(a, b) = a+ ·∂M (b × [0, η]) = a ·∂M b
if the orientation of Σ˜ is induced by the one of Σ and
ϑ′(a, b) = a+ ·∂M (b× [0, η]) = 0
if the orientation of Σ˜ is opposite to the one induced from Σ. Finally, for (a, b) in
H1(Σ)×H1(F ), Lemma 2.1 and the above computation give
ϑ′(a, b) =
=0︷ ︸︸ ︷
ϑ′(b, a)+d′(a) ·∂M d
′(b) +
=0︷ ︸︸ ︷
a ·F ′ b = a ·∂M d(b).
This concludes the proof. 
Using this theorem, let us now see to which extent the results of Sections 3 to 7
hold true in the case under study.
The R′[t, t−1]-module Aψ(L) is no longer an invariant of L in general. However,
it is an invariant in the special case R′ = R and ψ = −ϕ, where ϕ is the intersection
form on V . Indeed, if (H ′, ϑ′, d′) is obtained from (H,ϑ, d) by a ϕ-enlargement,
then the corresponding matrices Γ′ = tΘ′ − (Θ′)T + Ψ′ and Γ = tΘ− ΘT + Ψ are
related by
Γ′ =
(
Γ 0
(t− 1)C tD
)
or Γ′ =
(
Γ 0
(t− 1)C −D
)
.
Since D is congruent to the matrix
(
0 1
−1 0
)⊕g
, A−ϕ(L) is an invariant of the link
L. Now, consider the element of R[t1/2, t−1/2] given by
∆˜L(t) = ∆L,−ϕ(t) = det(t
1/2Θ− t−1/2ΘT + t−1/2Ψ).
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It is well-defined up to multiplication by tg, where g denotes the genus of Σ. Indeed,
if (H ′, ϑ′, d′) is obtained from (H,ϑ, d) by a ϕ-enlargement, then
det(t1/2Θ′−t−1/2(Θ′)T +t−1/2Ψ′) = det(t1/2Θ−t−1/2ΘT +t−1/2Ψ)·det(±t−1/2D).
Since D is a matrix of the intersection form on Σ, det(±t−1/2D) = t−g, giving
the result. One easily checks the following properties: If m is odd, then ∆˜L(t) ∈
R[t, t−1]. If m is even, then t1/2∆˜L(t) ∈ R[t, t−1]. Finally, ∆˜L(1) = 1 if L is a knot,
and ∆˜L(1) = 0 else.
Proposition 4.1 translates into the inequality
g(L) ≥
1
2
(span ∆˜L(t) + 1−m).
Furthermore, the Seifert algorithm and Proposition 4.2 extend verbatim to our case.
Generally speaking, the signatures introduced in Section 6 are not invariant
under ϕ-enlargements.
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